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Overview

Gross—Zagier-type formula:
Intersection numbers <= Derivatives of L-functions
Relative Langlands duality: (Ben-Zvi—-Sakellaridis—Venkatesh)
GAM < GAM

Period integral attached to M <= L-function attached to M

Suggested by function-field examples, we propose:
Arithmetic Relative Langlands duality:

Intersection numbers of special cycles Derivatives of L-functions attached to

—

attached to M e (M, Tg)
We call I the intersection vector field.
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Outline

@ Gross—Zagier-type formulas
© Relative Langlands duality
© Intersection vector field

@ Proof strategy in examples
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Gross—Zagier-type formulas

@ Gross—Zagier-type formulas
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Gross—Zagier-type formulas

Special cycles on Shimura varieties

Consider a map between Shimura data:
p: (Ha hH) - (G7 hG)

After choosing compatible level subgroups, this induces a map of Shimura
varieties:
Psh - ShH — ShG.
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Gross—Zagier-type formulas

Special cycles on Shimura varieties

Consider a map between Shimura data:
p: (Ha hH) - (G7 hG)

After choosing compatible level subgroups, this induces a map of Shimura
varieties:
Psh - ShH — ShG.

v

Let V € Rep(G) be the highest weight representation associated with hg.
The special cycle attached to p is

Zy = (pSh)![ShH] € CH*(ShG)
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Gross—Zagier-type formulas

Gross—Zagier-type formulas

For a cuspidal cohomological automorphic representation 7 of G, a
Gross—Zagier-type formula is an identity of the form

1

<(ZV)7T7 (ZV)TFV> ~ L/(Wv 5)7

where
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For a cuspidal cohomological automorphic representation 7 of G, a
Gross—Zagier-type formula is an identity of the form

1

<(ZV)7T7 (ZV)TFV> ~ L/(Wv 5)7

where
@ (Zv)r € CH*(Shg)r,0 is the m-isotypic component of Zy,.
@ (—,—) is the Beilinson—-Bloch height pairing.

e L(m,s) is the relevant L-function.
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Gross—Zagier-type formulas

For a cuspidal cohomological automorphic representation 7 of G, a
Gross—Zagier-type formula is an identity of the form

1

<(ZV)7T7 (ZV)TFV> ~ L/(Wv 5)7

where
@ (Zv)r € CH*(Shg)r,0 is the m-isotypic component of Zy,.
@ (—,—) is the Beilinson—-Bloch height pairing.
e L(m,s) is the relevant L-function.

For G = PGL; and a non-split maximal torus H (split over an imaginary
quadratic field), this recovers the original Gross—Zagier formula.
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Gross—Zagier-type formulas

Example 1: GGP cycles

H=Un-2,1), G=Un-1,1)x Un-2,1)
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Gross—Zagier-type formulas
Example 1: GGP cycles

H=Un-2,1), G=Un-1,1)x Un-21)

v

G=GL,xGL,_1, V=5td,XStd,_1 € Rep(G)
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Example 1: GGP cycles

H=Un-21), G=Un-11)xUn-21)

G=GL,xGL,1, V=Std,XStd,_1 € Rep(G)

T=m,X7mh_1
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Gross—Zagier-type formulas
Example 1: GGP cycles

H=Un-21), G=Un-11)xUn-21)
&=GL,xGLy 1, V=5td,®Std, 1 € Rep(G)

T=m,X7mh_1

psh : Shy — Shg,  Zy = (psn)1[Shy] € CH*(Shg).
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Gross—Zagier-type formulas
Example 1: GGP cycles

H=Un-21), G=Un-11)xUn-21)
&=GL,xGLy 1, V=5td,®Std, 1 € Rep(G)

T=m,X7mh_1

psh : Shy — Shg,  Zy = (psn)1[Shy] € CH*(Shg).

Conjecture (Gan—Gross—Prasad)

(20} (Z1)a) ~ L(BC(m)  BC(mn 1), 5).
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Gross—Zagier-type formulas
Example 1: GGP cycles

H=Un-2,1), G=Un-1,1)x Un-21)

G=GL,xGL,_1, V=5td,XStd,_1 € Rep(G)
T=m,X7mh_1

psh : Shy — Shg,  Zy = (psn)1[Shy] € CH*(Shg).

Conjecture (Gan—Gross—Prasad)

(20} (Z1)a) ~ L(BC(m)  BC(mn 1), 5).

Similar formulas: Orthogonal AGGP, AIPF...
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Gross—Zagier-type formulas

Example 2: Diagonal cycles

H=Un-11), G=HxH
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Example 2: Diagonal cycles

H=Un-1,1), G=HxH
G=GL,xGL, V=Std,®Std,
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Gross—Zagier-type formulas

Example 2: Diagonal cycles

H=Un-11), G=HxH

G=GL,xGL, V=Std,®Std,
T=m, Xy
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Gross—Zagier-type formulas
Example 2: Diagonal cycles

H=U(n-1,1), G=HxH
G=GL,xGL,, V=5td,XStd,

T=m, Xy

Psh - ShH — Sh@\*ZV: (pSh)![ShH] € CH (ShG)
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Gross—Zagier-type formulas
Example 2: Diagonal cycles

H=U(n-1,1), G=HxH
G=GL,xGL,, V=5td,XStd,

T=m, Xy

Psh - ShH — Sh@\*ZV: (pSh)![ShH] € CH (ShG)

Conjecture (Chen—Lu—Zhang)

{(ZV)xs (ZV)mv) ~ L' (7n, Ad, 0).

A version of this is proved when n = 2 (Chen—-Lu—Zhang).
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Gross—Zagier-type formulas

Higher Gross—Zagier-type formulas

Special cycles have a parallel function-field theory:

Number field Function field
Spec Z C/r, curve
(G7 hG) (G7 Ve Rep(G))

Sh¢ Shtrav, re ZZO

Psh - ShH — ShG

PSht - ShtrH Vy — ShtrG’V

Zy = (psh)i[Shy]

Zt, = (psht)i[Shth v, |
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Number field Function field
Spec Z C/r, curve
(G7 hG) (G7 Ve Rep(G))
Sh¢ Shtrav, re ZZO
psh - Shyy — She | pshe : Sht;_, vy ShtrG’V
Zy = (psh)i[Shu] | ZY, = (psht)i[Shty v, ]

A higher Gross—Zagier-type formula has the form

L .
s=0 (7T7 S)

(Z)e (Z) ~ (&)
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Gross—Zagier-type formulas

Higher Gross—Zagier-type formulas

Special cycles have a parallel function-field theory:

Number field Function field
Spec Z C/r, curve
(G7 hG) (G7 Ve Rep(G))
Sh¢ Shtrav, re ZZO
psh - Shyy — She | pshe : Sht;_, vy ShtrG’V
Zy = (psh)i[Shu] | ZY, = (psht)i[Shty v, ]

A higher Gross—Zagier-type formula has the form

L .
s=0 (7T7 S)

(Z)e (Z) ~ (&)

For G = PGL3 and a non-split maximal torus H, this recovers Yun—Zhang's
higher Gross—Zagier formula.
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Gross—Zagier-type formulas

Example 1. Rankin—Selberg cycles

H=GL,—1, G=GL,xGL,_1
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Gross—Zagier-type formulas

Example 1. Rankin—Selberg cycles

H=GLp1, G=GL,xGL,1
G=GL,xGL,_1, V=5td,®Std,_;®StdKStd" ; € Rep(G)
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Gross—Zagier-type formulas

Example 1. Rankin—Selberg cycles

H=GL,_;, G=GL,xGL,_1
G=GL,xGLp—1, V=5td,XStd,_1®Std};KStd;_; € Rep(G)
m = 7wp X mp—1 unramified
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Gross—Zagier-type formulas
Example 1. Rankin—Selberg cycles

H=GL,—1, G=GL,xGLy1

G=GL,xGL,_1, V=5td,®Std, 1 Std*KStd* ; € Rep(G)
m = 7wp X mp—1 unramified

pr : Gal = m1(C) = G(Qy) is the L-parameter of
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Example 1. Rankin—Selberg cycles

H=GL,—1, G=GL,xGLy1

G=GL,xGL,_1, V=5td,®Std, 1 Std*KStd* ; € Rep(G)
m = 7wp X mp—1 unramified

pr : Gal = m1(C) = G(Qy) is the L-parameter of
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Gross—Zagier-type formulas
Example 1. Rankin—Selberg cycles

H=GL,—1, G=GL,xGLy1

G=GL,xGL,_1, V=5td,®Std, 1 Std*KStd* ; € Rep(G)
m = 7wp X mp—1 unramified

pr : Gal = m1(C) = G(Qy) is the L-parameter of

Psht : Shty; v, — Shtg v, Zy = (pshe)i[Shthy v, ] € CH*(Shtg v).

Theorem (Liu-W, W25)
If pr is geometrically irreducible, then

L(m,V,s+1/2).

s=0

(ZV)mr (ZY)mv) ~ (d%) r
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Gross—Zagier-type formulas

Example 2: Diagonal cycles

H = split simple reductive group, G=Hx H
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Gross—Zagier-type formulas

Example 2: Diagonal cycles

H=
G=

split S|mp|e reductive group, G=Hx H
Hx H V=VyRVye Rep(G) irreducible
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Gross—Zagier-type formulas

Example 2: Diagonal cycles

H = split simple reductive group, G=Hx H
=HxH, V=VyK Vye Rep(G) irreducible
= 7y X 7}, unramified
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Gross—Zagier-type formulas

Example 2: Diagonal cycles

H = split simple reductive group, G=Hx H
G=HxH, V=VyK Vyec Rep(G) irreducible
7 = 7wy X 7)) unramified

pr : Gal = G(Q)), Spw,ﬁq = CvG(ijq)
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Gross—Zagier-type formulas

Example 2: Diagonal cycles

H = split simple reductive group, G=Hx H
G=HxH, V=VyX Vye Rep(G) irreducible
7 = 7wy X 7)) unramified

pr - Gal = G(Qg), S, 5, = CvG(ijq)

,F,
PSht - ShtrH7VH — Sht’é;v, Z(/ = (PSht)![Shtf-LVH] S IH*BM(ShtrG’V)

Zeyu Wang (MIT)
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Gross—Zagier-type formulas

Example 2: Diagonal cycles

H = split simple reductive group, G=Hx H

G=HxH, V=VyKVyeRep(G) irreducible
7 = 7wy X 7)) unramified

pr - Gal — é(@g), Sp R, Cvc(pwfq)

,F,
PSht - ShtrH7VH — Sht’é;v, Z(/ = (PSht)![Shtf-LVH] € IH*BM(ShtrG’V)
(Z) = Zy N 1T wi € IHZM(ShtG )
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Gross—Zagier-type formulas
Example 2: Diagonal cycles

H = split simple reductive group, G=Hx H

G=HxH, V=VyKVyeRep(G) irreducible

7 = 7wy X 7)) unramified

pr - Gal = G(Qy), Spw,ﬁq = CVG(pﬁjq)

PSht - ShtrH7VH — Sht’é;v, Z(/ = (PSht)![Shtf-LVH] S IH*BM(ShtrG’V)
(Z)) = Zy NIz wi € IHZM(Shtg )

Theorem (W26)

If pr is geometrically irreducible and S, _ = Z( G), then
™ Fq

(Ze (2D~ (£)

L(?TH, Ad, EVHS).

s=0

The constant €y, is an example of an eigenweight.
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Gross—Zagier-type formulas

Pseudo-example 3: Volume

H = G = split simple reductive group
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Gross—Zagier-type formulas

Pseudo-example 3: Volume

H = G = split simple reductive group
V € Rep(G) irreducible
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Gross—Zagier-type formulas

Pseudo-example 3: Volume

H = G = split simple reductive group
V € Rep(G) irreducible

T = triv
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Gross—Zagier-type formulas

Pseudo-example 3: Volume

H = G = split simple reductive group
V € Rep(G) irreducible
m = triv

v = [Shtg ] € IHZM(Shtg )
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Gross—Zagier-type formulas

Pseudo-example 3: Volume

H = G = split simple reductive group
V € Rep(G) irreducible
T = triv
v = [Shtg ] € IHZM(Shtg )
(Z)) = Zyn Tl W' € IHPM(Sheg )
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Gross—Zagier-type formulas
Pseudo-example 3: Volume

H = G = split simple reductive group

V € Rep(G) irreducible

T = triv

7\, = [Shtg ] € IHZM(Shtg )

(Z) = Z, NIy wi ™t € IHBM(Shty; )

Theorem (Feng—Yun—Zhang, W-Wei)
“ r r " “ r ” d r
(B (Z))" = "vol(Shi)" ~ ()

oLevis)

o Low(s) = IT219 Celevis + o)
o d; are the degrees of generators of C[g]®

@ ey, are examples of eigenweights.
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Gross—Zagier-type formulas

Who is behind the proof?

o Framework:
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Who is behind the proof?

o Framework:
o Geometric Langlands: Beilinson—Drinfeld,...
o Relative Langlands duality: Ben-Zvi—Sakellaridis—Venkatesh
o Catgorical trace description of cohomology of Shtukas:
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e Local input:
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Who is behind the proof?

o Framework:

o Geometric Langlands: Beilinson—Drinfeld,...

o Relative Langlands duality: Ben-Zvi—Sakellaridis—Venkatesh

o Catgorical trace description of cohomology of Shtukas:
Arinkin—Gaitsgory—Kazhdan—Raskin—Rozenblyum—Varshavsky

o Global input:
e Rankin-Selberg periods: Frenkel-Gaitsgory—Vilonen, Lysenko
o Lapid—Mao periods: Lysenko, Gaitsgory—Raskin
o Trivial periods: Atiyah—Bott, Heinloth-Schmitt

e Local input:

o Derived geometric Satake equivalence: Lusztig, Ginzburg,
Mirkovi¢—Vilonen, Bezrukavnikov—Finkelberg, Yun—Zhu

o Rankin—Selberg derived geometric Satake equivalence:
Braverman—Finkelberg—Ginzburg—Travkin
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Gross—Zagier-type formulas

Who is behind the proof?

o Framework:
o Geometric Langlands: Beilinson—Drinfeld,...
o Relative Langlands duality: Ben-Zvi—Sakellaridis—Venkatesh
o Catgorical trace description of cohomology of Shtukas:
Arinkin—Gaitsgory—Kazhdan—Raskin—Rozenblyum—Varshavsky
o Global input:
e Rankin-Selberg periods: Frenkel-Gaitsgory—Vilonen, Lysenko
o Lapid—Mao periods: Lysenko, Gaitsgory—Raskin
o Trivial periods: Atiyah—Bott, Heinloth-Schmitt
e Local input:
o Derived geometric Satake equivalence: Lusztig, Ginzburg,
Mirkovi¢—Vilonen, Bezrukavnikov—Finkelberg, Yun—Zhu
o Rankin—Selberg derived geometric Satake equivalence:
Braverman—Finkelberg—Ginzburg—Travkin

o Kolyvagin system over function fields (Yun—Zhang), many others...
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Relative Langlands duality

Relative Langlands duality

© Relative Langlands duality
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Relative Langlands duality

Hyperspherical duality

Let X = H\G. lts cotangent bundle M = T*X is a graded G-Hamiltonian
space.

Zeyu Wang (MIT) GZ formula and relative Langlands August 7, 2026



Relative Langlands duality

Hyperspherical duality

Let X = H\G. lts cotangent bundle M = T*X is a graded G-Hamiltonian

space.
If Mis hyperspher/ca/ Ben-Zvi—Sakellaridis—Venkatesh associate to it a

graded G-Hamiltonian space M.
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Relative Langlands duality

Hyperspherical duality

Let X = H\G. lts cotangent bundle M = T*X is a graded G-Hamiltonian
space.

If Mis hyperspher/ca/ Ben-Zvi—Sakellaridis—Venkatesh associate to it a
graded G-Hamiltonian space M.

Concretely, Mis a G x G -variety equipped with:

e a symplectic form w e (M, Q%ﬂ) of weight 2;

o a compatible moment map m: M — g*(2).
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Relative Langlands duality

Period integrals and L-functions

m: tempered cuspidal automorphic representation
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m: tempered cuspidal automorphic representation
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m: tempered cuspidal automorphic representation
pr - Gal = G(C): L-parameter
Me=(Gal) — {x1 is a single point
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Relative Langlands duality

Period integrals and L-functions

m: tempered cuspidal automorphic representation

pr : Gal = G(C): L-parameter

MP=(Gal) — {x} is a single point

T:M = @, Si(d;) € Rep(Gal xG,,): cotangent space of M at x
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Relative Langlands duality

Period integrals and L-functions

m: tempered cuspidal automorphic representation

pr : Gal = G(C): L-parameter

MP=(Gal) — {x} is a single point

T:M = @, Si(d;) € Rep(Gal xG,,): cotangent space of M at x
f € m: normalized test vector
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Relative Langlands duality

Period integrals and L-functions

m: tempered cuspidal automorphic representation

pr : Gal = G(C): L-parameter

MP=(Gal) — {x} is a single point

T:M = @, Si(d;) € Rep(Gal xG,,): cotangent space of M at x
f € m: normalized test vector

Conjecture (Ben-Zvi-Sakellaridis—Venkatesh)

‘/[H] ff = HL(Si, di/2)
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Relative Langlands duality

Expectation

7. tempered cuspidal automorphic representation

pr : Gal = G(C): L-parameter

MP=(Ga) — £x1 is a single point

T:M = @, Si(d;) € Rep(Gal xG,): cotangent space of M at x
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Relative Langlands duality

Expectation

7. tempered cuspidal automorphic representation

pr : Gal = G(C): L-parameter

MP=(Ga) — £x1 is a single point

T:M = @, Si(d;) € Rep(Gal xG,): cotangent space of M at x
For suitable special cycles Zy, Z,,, we expect

(200 (Z)e) ~ | TT S evis + di/2).
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Relative Langlands duality

Expectation

7. tempered cuspidal automorphic representation

pr : Gal = G(C): L-parameter

MP=(Ga) — £x1 is a single point

T:M = @, Si(d;) € Rep(Gal xG,): cotangent space of M at x
For suitable special cycles Zy, Z,,, we expect

(200 (Z)e) ~ | TT S evis + di/2).

The constants €; are called eigenweights, and are determined by an
intersection vector field / € [(M, Ti)€<Cm constructed from Zy, Z,.
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Intersection vector field

Intersection vector field

© Intersection vector field
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Intersection vector field

Determining the eigenweights

The special cycles Zy, Z|, determine an intersection vector field

I'€ T(M, Ty,) &xCm.
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Intersection vector field

Determining the eigenweights

The special cycles Zy, Z|, determine an intersection vector field
v GXGm
leT(M, Tg)% ",
Since I vanishes at x, its linearization defines the Hessian endomorphism
Hess) x : T-M — T:M.

It is Gal xGy,-equivariant.
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Intersection vector field

Determining the eigenweights

The special cycles Zy, Z|, determine an intersection vector field
v GXGm
leT(M, Tg)% ",
Since I vanishes at x, its linearization defines the Hessian endomorphism
Hess) x : T-M — T:M.

It is Gal xG,-equivariant. 5
Choose a decomposition ToeM = @; Si(d;) such that

Hessl,x|$,-(d,-) =€y, id € End(S,-(d,-)) .
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Intersection vector field

Determining the eigenweights

The special cycles Zy, Z|, determine an intersection vector field
v GXGm
leT(M, Tg)% ",
Since I vanishes at x, its linearization defines the Hessian endomorphism
Hess) x : T-M — T:M.

It is Gal xG,-equivariant. 5
Choose a decomposition ToeM = @; Si(d;) such that

Hessl,x|$,-(d,-) =€y, id € End(S,-(d,-)) .

The resulting scalars €y;; are the eigenweights.
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Intersection vector field

Construction of the intersection vector field

In our examples,
Z\/ < Cy: M-V

Z/V = C!V:I\\//,—>\/*

for G-equivariant maps cy, cy-
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Intersection vector field

Construction of the intersection vector field

In our examples,
Z\/ < Cy: M-V
Z/V < C!V: M—> \/*

for G-equivariant maps cy, cy-
Set
f\/:: (C\/, C/V) M= TV.
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Intersection vector field

Construction of the intersection vector field

In our examples,
Z\/ < Cy: M-V

Z/V = C!V:I\\//,—>\/*

for G-equivariant maps cy, cy-
Set
f\/:: (C\/, C/V) M= TV.

Pull back the canonical 1-form 6y € I(T*V, Q1) to define

= fify € T(M,Q;,) = T(M, T, |
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Intersection vector field

Construction of the intersection vector field

In our examples,
Z\/ < Cy: M-V

Z/V = C!V:I\\//,—>\/*

for G-equivariant maps cy, cy-
Set
f\/:: (C\/, C/V) M= TV.

Pull back the canonical 1-form 6y € I(T*V, Q1) to define

= fify € T(M,Q;,) = T(M, T, |

We require fy, to factor through the isotropic locus:
f\/ : M — (-Fk\/)isotropic c T"V.
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Intersection vector field

A precise formulation

For an unramified tempered cuspidal automorphic representation 7 over a
function field, we expect:

Assuming H:(Shtg v)x # 0 and S, = Z( G), one has

((ZV)m: (Z)7v) = ’Z(é)“—(Adpw 1)(log q)"

(q(2g—2)bsH L(S,‘,E\/JS-F dl)>

q(g—l)(— dim G+dim H) ( d ) r
ds

s=0

where
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Intersection vector field

A precise formulation

For an unramified tempered cuspidal automorphic representation 7 over a
function field, we expect:

Assuming H:(Shtg v)x # 0 and S, = Z( G), one has

((ZV)m: (Z)7v) = ’Z(é)“—(Adpw 1)(log q)"

(q(2g—2)bsH L(S,‘,E\/JS-F dl)>

q(g—l)(— dim G+dim H) ( d ) r
ds

s=0

where

e b is an explicit constant depending on cy, ¢\,
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Intersection vector field

A precise formulation

For an unramified tempered cuspidal automorphic representation 7 over a
function field, we expect:

Assuming H:(Shtg v)x # 0 and S, = Z( G), one has

((ZV)m: (Z)7v) = ’Z(é)“—(Adpw 1)(log q)"

(q(2g—2)bsH L(S,‘,E\/JS-F dl)>

q(g—l)(— dim G+dim H) ( d ) r
ds

s=0

where
e b is an explicit constant depending on cy, ¢\,
o Z(G) is the center of G.
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Intersection vector field

Example 1: Rankin—Selberg

H= GLn_l, G= GLnXGLn_l
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Intersection vector field
Example 1: Rankin—Selberg

f:l': GLn_l, G= GLnXGLn_l
G=GL,xGL, 1, M= (Std,XStd,_1 & Std* K Std*_;)(1).
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Intersection vector field
Example 1: Rankin—Selberg

H= GLn_l, G= GLnXGLn_l

G=GL,xGL,_1, M= (Std,XStd,_1®Std*KStd* ;)(1).
V= V=M e Rep(G)
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Intersection vector field
Example 1: Rankin—Selberg

H= GLn_l, G= GLnXGLn_l

G=GL,xGL,_1, M= (Std,XStd,_1®Std*KStd* ;)(1).
V= V=M e Rep(G)

Set

cv=dy=id: M— V=V
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Intersection vector field
Example 1: Rankin—Selberg

H= GLn_l, G= GLnXGLn_l

G=GL,xGL,_1, M= (Std,XStd,_1®Std*KStd* ;)(1).
V= V=M e Rep(G)

Set

cv=dy=id: M— V=V

For a basis M= CV, this gives

N
1= x0x € T(M, Ty).

Jj=1
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Intersection vector field
Example 1: Rankin—Selberg

H= GLn_l, G= GLnXGLn_l

G=GL,xGL,_1, M= (Std,XStd,_1®Std*KStd* ;)(1).
V= V=M e Rep(G)

Set

cv=dy=id: M— V=V

For a basis M= CV, this gives
N v
I=> X0y € T(M, Tp)).
j=1
Suppose M = {0}. Then

TsM = V(1) € Rep(Gal xGyy,).

Hess o = id € End(V(1)) |.
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Intersection vector field

Example 2: Diagonal case

H = split simple algebraic group, G=Hx H
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Intersection vector field

Example 2: Diagonal case

IV-I split 5|mple algebralc group, G=HxH
G=HxH M=TH=HxHb.
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Intersection vector field

Example 2: Diagonal case

H= spI|t 5|mple algebralc group, G=HxH
G=HxH M=TH=HxH.

V= VK Vi € Rep(G) for Vi € Rep(H) irreducible
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Intersection vector field
Example 2: Diagonal case

H= spI|t 5|mple algebralc group, G=HxH
G=HxH M=TH=HxH.

V= VK Vi € Rep(G) for Vi € Rep(H) irreducible
Define

cv: Hxbh— VZEnd(Vy), cu(h X)=ry,(h),
¢y Hxb— V- =End(V}), c(h X)=dr(X)ory(h).
where ry,, : H— End(Vy) and dry,, : h — End(Vy).
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Intersection vector field
Example 2: Diagonal case

H= spI|t 5|mple algebralc group, G=HxH
G=HxH M=TH=HxH.

V= VK Vi € Rep(G) for Vi € Rep(H) irreducible
Define

cv: Hxbh— VZEnd(Vy), cu(h X)=ry,(h),
¢y Hxb— V- =End(V}), c(h X)=dr(X)ory(h).

where ry,, : H— End(Vy) and dry,, : b — End(Vg).
Suppose M® = {x = (1,0) € H x h}. Then

T:M = h*(2) ® h(0) € Rep(Gal xGyy).

Hess;x = (0, ey, - id) € End(h*(2) @ h(0)) |
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Intersection vector field

Remarks on eigenweights

The eigenweight €y, is given by

ir(drvi, (X)dry, (V)
k(X Y)

€vy = 2hY

where
e X, Ye 6;
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Intersection vector field

Remarks on eigenweights

The eigenweight €y, is given by

ir(drvi, (X)dry, (V)
k(X Y)

€vy = 2hY

where
e X Ye 6;
o k:hxh—Cisthe Killing form;
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Intersection vector field

Remarks on eigenweights

The eigenweight €y, is given by

YAV, tr(drVH()OdrVH(Y))
evy, = 2h"1 WX,V

where
e X Ye 6;
o k:hxh—Cisthe Killing form;

@ hY is the dual Coxeter number of H;
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Intersection vector field

Remarks on eigenweights

The eigenweight €y, is given by

YAV, tr(drVH()OdrVH(Y))
evy, = 2h"1 WX,V

where
X,Y€b;
K 6 X 6 — C is the Killing form;

hY is the dual Coxeter number of H:

l'is the lacing number of H.
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Intersection vector field

Pseudo-example 3: Volume case

H = G = split simple reductive group
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Intersection vector field

Pseudo-example 3: Volume case

H = G = split simple reductive group
M = G x (e+ gr), where (e, f, h) is a principal sl,-triple.
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Intersection vector field

Pseudo-example 3: Volume case

H = G = split simple reductive group
M = G x (e+ gr), where (e, f, h) is a principal sl,-triple.

Let V € Rep(G) be irreducible, with highest weight vectors v € V and
v e V.
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Intersection vector field

Pseudo-example 3: Volume case

H = G = split simple reductive group

M= G x (e+ §f), where (e, f, h) is a principal slp-triple.

Let V € Rep(G) be irreducible, with highest weight vectors v € V and
v e Vv

Define

cv:Gx(etd) =V, cfgetX) =g,
Ay Gx(e+d) = V', g et X)=gle+ X))
where dy = (2p, uy), py € Xi(T)4+ is the highest weight of V.
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Intersection vector field
Pseudo-example 3: Volume case

H = G = split simple reductive group

M = G x (e+ gr), where (e, f, h) is a principal sl,-triple.

Let V € Rep(G) be irreducible, with highest weight vectors v € V and
v e Vv

Define
cv:Gx(etd) =V, cfget+X) =gy
Ay Gx(e+d) = V', g et X)=gle+ X))

€ X.(T)4 is the highest weight of V.
(e+ gf). Then

where dy = (2p, ),
Consider x = (1, e)

7:"([\\//]: ﬁ*ﬂ@ @éﬁ,(2d,) S Rep(GaI XGm).

Hv
G x

Hessx = (0, (ev;; - id);) € End(§"/ @ €D §r/(2dy)) |
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Proof strategy in examples

Proof strategy in examples

@ Proof strategy in examples
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Proof strategy in examples

More on relative Langlands duality

For the spherical G-variety X = H\G, the unramified Hecke category
Shv(L*G\LG/LT G)¥ ~ Rep(G)",

acts on the relative Hecke category Shv(LX/L*G).
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Proof strategy in examples
More on relative Langlands duality

For the spherical G-variety X = H\G, the unramified Hecke category
Shv(L*G\LG/LT G)¥ ~ Rep(G)",

acts on the relative Hecke category Shv(LX/L*G).
Consider the basic object

Sx € Shv(LX/L*G).

v
1

For V € Rep(G), local relative Langlands duality predicts
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Proof strategy in examples
More on relative Langlands duality

For the spherical G-variety X = H\G, the unramified Hecke category
Shv(L*G\LG/LT G)¥ ~ Rep(G)",

acts on the relative Hecke category Shv(LX/L*G).
Consider the basic object

Sx € Shv(LX/L*G).

For V € Rep(G), local relative Langlands duality predicts

Map(M, V) = Map(V* dx, dx).
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Proof strategy in examples
More on relative Langlands duality

For the spherical G-variety X = H\G, the unramified Hecke category
Shv(L*G\LG/LT G)¥ ~ Rep(G)",

acts on the relative Hecke category Shv(LX/L*G).
Consider the basic object

Sx € Shv(LX/L*G).

v
1

For V € Rep(G), local relative Langlands duality predicts

Map(M, V) = Map(V* dx, dx).

Globally, the map 7 : Buny — Bung yields the period sheaf
Px := mQy, € Shv(Bung).
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Proof strategy in examples

Local-global compatibility

Start with ¢y € Map(/\v/l, \/)/% Map(V x dx, 0x):
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Proof strategy in examples

Local-global compatibility

Start with ¢y € Map(/\v/l, \/)/% Map(V x dx, 0x):

Cy: V*éx—)(gx

|

I

|

} Geometric ©-series

|
s

c%/bb: Vx Px — Px

|
I
|
! Sheaf-cycle correspondence/local term
‘\/

Zy € /H*BM(ShtG,V)
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Proof strategy in examples

Local-global compatibility

Start with ¢y € Map(/\v/l, \/)/% Map(V x dx, 0x):

Cy: V*éx—)(gx

|

I

i Geometric ©-series

v

lob

&y’ V Px — Px
|
I
i Sheaf-cycle correspondence/local term
|
~

Zy € /H*BM(ShtG,V)

Verdier duality similarly relates ¢|, to Z,,.
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Proof strategy in examples

Intersection number as a trace

Let O, por be the stalk of the algebra of L-observables.

TiMW = @, Si[d]](di/2).
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Proof strategy in examples

Intersection number as a trace

Let O, por be the stalk of the algebra of L-observables.

TiMW = @, Si[d]](di/2).

Cre(0j, ) = Sym® RT(Gg,, TiM).

pr x
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Proof strategy in examples

Intersection number as a trace

Let O, por be the stalk of the algebra of L-observables.

TiMW = @, Si[d]](di/2).

Cre(0j, ) = Sym® RT(Gg,, TiM).

Pr
The maps cy, ¢|, define an intersection observable
]Ip7T : @Mpw — @M,pw

such that

(Z)r: (Zy))o) ~ tx(Frobo (I,,)", Oy ).
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Proof strategy in examples
Intersection number as a trace

Let O, por be the stalk of the algebra of L-observables.

TiMW = @, Si[d]](di/2).

Cre(0j, ) = Sym® RT(Gg,, TiM).

pr

The maps cy, ¢|, define an intersection observable
]Ip7T : @Mpw — @M,pw

such that
(Z)r: (Zy))o) ~ tx(Frobo (I,,)", Oy ).
We expect

Grely, ~ VRr(Hess,,) € End(Sym® RT(T: M),

where the latter dengtes the derivavtion induced by
RT (Hess; ) : RT(T:M) — RT(T:MY).
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Thank youl!
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